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Abstract
We introduce a notion of globular multicategory with homomorphism
types. These structures arise when organizing collections of “higher category-
like” objects such as type theories with identity types. We show how these
globular multicategories can be used to construct various weak higher cat-
egorical structures of types and terms.
1 Introduction
Suppose that we have a dependent type theory with identity types T .
Then both van den Berg and Garner [11] and Lumsdaine [9] have shown
that the tower of identity types of each type in T has the structure of a
Batanin-Leinster weak ω-category (see [1] and [7]). As an intermediate
step van den Berg and Garner construct a monoidal globular category of
contexts and terms from T . Our goal in this paper is to understand and
generalize this phenomenon.
In section 2, we review Leinster’s theory of generalized multicate-
gories [7] and focus on the free strict ω-category monad on globular sets.
The associated notion of generalized multicategories are called globular
multicategories. In the terminology of [3] these are the “virtual” ana-
logues of monoidal globular categories.)
We then describe a notion of homomorphism type within a globular
multicategory in section 3. Every type theory with identity types gives
rise to such a globular multicategory. However, we also capture directed
examples such as the double category of categories, functors, profunctors
and transformations. In general we believe that objects in a globular
multicategory with homomorphism types can be seen as “higher category-
like”. Future work will make comparisons with structures arising in the
study of directed homotopy type theory.
Section 4 is a brief interlude in section 4 to study the homotopy theory
of globular multicategories. We develop the tools we require to study weak
higher categorical structures in this setting,
Finally in section 5 we show that when a globular multicategory has
homomorphism types, there is a precise sense in which:
• types behave like weak higher categories
• dependent types behave like profunctors
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• terms behave like higher functors and transformations between pro-
functors
• the collection of types and terms has the structure of a weak ω-
category.
These results generalize those of van den Berg and Garner [11] and Lums-
daine [8, 9]. Weak higher categorical structures based on globular multi-
categories have previously been studied by Kachour. (See for instance [6].)
2 Background
2.1 Globular Pasting Diagrams
Definition 2.1. The category of globes G is freely generated by the
morphisms
0 1 · · · n · · ·
σ0
τ0
σ1
τ1
σn−1
τn−1
σn
τn
subject to the globularity conditions
σn+1 ◦ σn = τn+1 ◦ σn
σn+1 ◦ τn = τn+1 ◦ τn
which ensure that for each k < n, there are exactly two composite arrows
in G of the form
σk : k −→ n
τk : k −→ n
A globular object in a category C is a functor A : Gop −→ C. We
denote the image of σn : n→ n+ 1 under such a functor by
A(n) A(k)
sk
tk
A presheaf on G is called globular set. In this case, we refer to the
elements of A(n) as n-cells and think of the maps sk, tk as describing
source and target k-cells.
We now define a notion of n-pasting diagram for each n. We will
inductively define a globular set pd whose n-cells are n-pasting diagrams.
Definition 2.2. We define the globular set pd together with, for each
k < n and each π ∈ pd(n), boundary inclusions
σk : skπ −→ π
τk : tkπ −→ π
inductively:
• Every globe n, identified with its image under the Yoneda embed-
ding, is an n-pasting diagram. In this case σk and τk are induced by
the corresponding maps in G.
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• Whenever π is an n-pasting diagram, there is an (n + 1)-pasting
diagram π+ whose underlying globular set is just π. We define the
boundary inclusions to be the identity map:
σk = τk = idpi .
• Given n-pasting diagrams π1, π2 such that tkπ1 = skπ2 = ρ the
pushout π1 +k π2 of the following diagram
ρ π1
π2 π1 +k π2
τk
σk
is a globular pasting diagram. In other words we can “glue pasting
diagrams along shared k-cells”. When j < k, we define σj , τj to be
the composites:
sjρ
σj
−→ ρ −→ π1 +k π2
tjρ
τj
−→ ρ −→ π1 +k π2
.
When j = k, we define σj , τj to be the composites
sjπ1
σj
−→ π1 −→ π1 +k π2
tjπ2
τj
−→ π2 −→ π1 +k π2
When j > k, we define
sj(π1 +k π2) = (sjπ1) +k (sjπ2)
tj(π1 +k π2) = (tjπ1) +k (tjπ2)
and σj , τj are induced by the universal properties of these pushouts.
This notion of pasting diagram allows us to describe the free strict
ω-category monad T : G-Set → G-Set explicitly. For any globular set A,
an n-cell of TA consists of a pasting diagram π ∈ pd(n) together with a
map
π → A.
Thus, we refer to these maps as pasting diagrams in A. Suppose that
f, g ∈ TA(n) are n-cells such that such that tkf = skg. Then we have
corresponding pasting diagrams
f : π1 → A
g : π2 → A
such that fτk = gσk. We define f ⊙k g to be the induced map
π1 +k π2 → A.
This defines another element of TA(n). More generally suppose that we
have a pasting diagram Γ : ρ → TA. Then the multiplication of T gives
us a new pasting diagram which we denote⊙
i∈ρ
Γi.
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Suppose that ρ is the n-globe, thought of as an k-pasting diagram for some
k ≥ n. Then Γ is uniquely determined by the unique n-cell M ∈ Γ(n).
Hence we write
Γ = [M ]
and we have that ⊙
i∈ρ
Γi =M.
A crucial property of the monad T is that it is cartesian; i.e., its
underlying functor preserves pullbacks and the naturality squares of its
unit and multiplication are pullback squares (see [7]). Following Leinster
[7], this allows us to define a notion of generalized multicategory.
2.2 Globular Multicategories
We will assume for the rest of this paper that T is the free strict ω-
category monad. In this section we review Leinster’s [7] theory of T -
multicategories.
Definition 2.3. A T -span is a span of the following form.
X
TA B
We can compose T -spans
X Y
TA B TB C
a b b
′
c
by computing a pullback as in the following diagram
TX ×TB Y
TX Y
T 2A TB C
TA
Ta Tb b
′
c
µ
Let ηX be the unit of T at X. Then the identity T -span at X is the
following diagram:
X
TX X
ηX idX
Putting all this data together we obtain a bicategory T -Span.
4
This allows us to present our main definition succinctly.
Definition 2.4. A globular multicategory is a monad in the bicate-
gory T -Span.
Suppose that X is a globular multicategory. Then there is a T -span
of the following form:
X1
TX0 X0
d c
We refer to these T -spans as globular multigraphs . We will use type
theoretic terminology to refer to the data contained in X:
• An n-type is an element of X0(n). When sM = A and tM = B, we
write
M : A −7→ B.
• A π-shaped n-context Γ = (Γi)i∈el(pi) is an element of TX0(n) of
the form
Γ : π −→ X0.
A variable in Γ is an element x ∈ el(π). When A = Γx, we say that
A is the type of x and write
x : A.
• An n-term f is an element of X1(n). Suppose that Γ = df is a π-
shaped n-context. Let A = cf be an n-type. Then f can be thought
of as a generalized arrow sending a π-shaped n-context Γ (a pasting
diagrams of typed input variables) to an n-type A. For this reason
we say that f is π-shaped and write
f : Γ −→ A
When n ≥ 0, n-terms also have source and target (n− 1)-terms sf
and tf .
• A substitution or context morphism is an element f ∈ TX1(n).
For some π ∈ pd(n), f is a collection of terms
fi : Γi −→ ∆i
for i ∈ el(π). (That is a π-shaped pasting diagram of terms.) By
pasting together the domain contexts of these terms we obtain a
context
Γ =
⊙
i∈pi
Γi
By pasting together the codomain types we obtain a π-shaped con-
text
∆ =
⊙
i∈pi
∆i
In this case, we write
f : Γ −→ ∆
.
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• Suppose that we have a substitution f : Γ→ ∆ and a term g : ∆→
A. Then the multiplication of X allows us to define a composite
term
f ; g : Γ −→ ∆.
We think of f ; g as the result of substituting fi for the variable i
into (the domain context of) g. Now suppose that h : ∆ → E is a
substitution. Then we define
f ; h : Γ −→ E
to be the substitution such that
(f ; h)j = (fij )ij∈dhj ;hj
.
• For each n-type A, the unit of X gives us an identity n-term
idA : [A]→ A.
For each context Γ, we define
idΓ : Γ→ Γ
to be the substitution such that
(idΓ)i = idΓi
We think of this as the trivial substitution.
• Associativity of X tells us that, whenever it makes sense,
(f ; g);h = f ; (g;h)
• The unit laws of X tell us that, whenever it makes sense,
f ; idA = f = idΓ; f
Example 2.5. Batanin’s [1] globular operads are a particular important
class of globular multicategories. A globular operad is a globular mul-
ticategory X with X0 = ⊤, the terminal globular set. In other words a
globular operad has a unique n-type for each n ∈ G.
The terminal globular multicategory (operad) has a unique π-shaped
n-term for each π ∈ pd(n),. Algebras of this operad are closely related to
strict ω-categories.
Example 2.6. Let C be a category with pullbacks. There is a globular
multicategory SpanT (C) such that:
• An n-type is a functor A : el(n)op → C from the category of elements
of the representable globular set n.
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• Given a pasting diagram π ∈ pd(n), a context with shape π is a
functor
Γ : el(π)op −→ C.
Associated to such a context there is a canonical functor Γ0 : el(n)
op →
A, which sends
s : m→ n ∈ G 7−→ lim
(
el(sπ)op
el(s)op
−→ el(π)op
Γ
−→ C
)
and sends arrows to the canonical morphisms induced between these
limits.
• A term u : Γ→ A in SpanT (C) is a natural transformation Γ0 → A.
Remark 2.7. We refer to functors el(n)op → C as n-spans in C (see [1]).
The globular multicategory SpanT (C) underlies the monoidal globular cat-
egory Span(C) described ibid. A 1-span is a span in the usual sense. More
generally, an (n + 1)-span is a “span between n-spans”. For example a
3-span is a diagram of the following form:
•
• •
• •
• •
Definition 2.8. A map of globular multigraphs is a pair of arrows f0, f1
making the following diagram commute:
X1
TX0 X0
Y1
TY0 Y0
d c
f1
Tf0 f0
d c
A homomorphism of globular multicategories is a map of globular multi-
graphs preserving the multiplication and unit of X. We denote the cate-
gory of globular multicategories and homomorphisms by GlobMult.
A globular multicategory can be also be seen as an algebraic theory
whose operations have arities which are shapes of pasting diagrams. For
this reason we also think of homomorphisms X → Y as algebras of X in
Y .
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Remark 2.9. Algebras of the terminal globular operad in SpanT (C) are
strict ω-categories internal to C. In particular, algebras of the terminal
globular operad in SpanT (Set) are strict ω-categories.
Definition 2.10. Let X : Gop → C be a globular object in C. The
endomorphism operad End(X) is the collection of terms in SpanT C
whose types come from X (see [1]). To be precise, let Xˆ : G-Set → C be
the canonical cocontinuous extension of X. Then a term f : π → n in
End(X) is a term
Xˆ(π) −→ X(n)
in SpanT (C) respecting boundaries. This is the objects part of a functor
End : CG
op
−→ GlobMult
Every globular multigraph can be viewed as a presheaf over a category
whose objects are shapes of types and terms.
Definition 2.11. The category G+ of generic types and terms is defined
as follows: Its set of objects is the the coproduct of sets
G+ el(pd)
. In this case, we say that n ∈ G is the generic n-type and that π ∈ pd(n)
is the generic π-shaped n-term. There are four classes of arrows in G+:
• Every arrow in G induces a corresponding arrow between generic
types in G+. These arrows pick out the source and target types of
generic types.
• Every arrow el(pd) induces a corresponding arrow between generic
terms in G+. These arrows pick out the source and target terms of
generic terms.
• Let u be the generic π-shaped n-pasting diagram and let k ∈ G.
Then each map of globular sets k → π induces an arrow
k → u
in G+ from the generic k-type to the generic π-shaped term u. These
arrow pick out the types in the domain contexts of generic terms.
• For each generic n-term u and each arrow k → n in G there is an
arrow
k → u
from the generic k-type to the generic n-term u. These arrows pick
out the codomain types of generic terms.
Proposition 2.12. The category of globular multigraphs GlobGraph is
equivalent to the category of presheaves over G+.
Proof. This follows from [7, Proposition C.3.4 and Proposition 6.5.6].
Remark 2.13. The category G+ is a direct category. There is an identity-
reflecting functor dim : G+ → N which sends the generic n-types and all
generic n-terms to the natural number n. Let X be a globular multigraph.
Let u ∈ G+ be a generic type or term, identified with its image under the
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Yoneda embedding. Then the boundary ∂u is the subpresheaf of u such
that
w ∈ ∂u(v) ⇐⇒ dim v < dimu.
We will denote the canonical inclusion by
ιu : ∂u −→ u.
In Section 4 we will use these boundary inclusions to describe a higher
dimensional notion of weakness.
3 Homomorphism Types
Definition 3.1. We say that a globular multigraph is reflexive when for
each n-type A, we have an “identity” (n+ 1)-type
HA : A −7→ A
and a reflexivity (n+ 1)-term
rA : A→ HA
Definition 3.2. Let 0 ≤ k < n. Suppose that Γ is a π-shaped n-context
in a reflexive globular multigraph. Then for any k-variable x : A in Γ,
since HA : A 6→ A, we can form a new context Γ ⊕ Hx by “adding an
homomorphism type at x”.
Γ⊕Hx =
⊙
i∈elpi
{
Γi if i 6= x
HΓx if i = x
Similarly there is a canonical reflexivity substitution rΓx : Γ → Γ ⊕ Hx
defined by
r
Γ
x =
⊙
i∈elpi
{
idi if i 6= x
rx if i = x
When Γ is clear from the context we will denote this substitution by rx.
Definition 3.3. We say that a globular multicategory has homomor-
phism types when its underlying globular multigraph is reflexive and we
have the following structure:
• For each n-term f : Γ → A and each (n − 1)-variable x, there is a
J-term
Jx(f) : Γ⊕Hx → A
such that
rx; Jx(f) = f .
• Suppose that 0 < k < n. Let f : Γ → A be an n-term. Then for
each k-variable x and any
js : sΓ⊕Hx → sA
jt : tΓ⊕Hx → tA
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such that
rx; js = sf
rx; jt = tf
we have a J-term
J
js,jt
x (f) : Γ⊕Hx → A
such that
sJ
js,jt
x (f) = js
tJ
js,jt
x (f) = jt
and
rx; J
js,jt
x (f) = f
Example 3.4. Every type theory with identity types T induces a glob-
ular multicategory GT (T ) with homomorphism types. The construction
essentially follows van den Berg and Garner [11]. We have that:
• A 0-type A in GT (T ) is a type
⊢ A◦ : Type
in T .
• An (n+ 1)-type M : A 6→ B in GT is a dependent type judgement
x : A◦, y : B◦ ⊢M◦(x, y) : Type
in T .
• Each globular context Γ : sΓ 6→ tΓ in GT (T ) corresponds to a list of
dependent types in T and thus induces a dependent context
sΓ◦, tΓ◦ ⊢ Γ◦
in T .
• A 0-term in f : Γ→ A in GT (T ) is a term
~x : Γ◦ ⊢ f◦~x : A◦
in T .
• Suppose that Γ is an (n + 1)-context such that ~xs : sΓ
◦, ~xt : tΓ
◦ ⊢
Γ◦(~xs, ~xt) is a dependent context in T . Then an (n + 1)-term in
f : Γ→ A in GT (T ) is a term
~x : Γ◦(~xs, ~xt) ⊢ f
◦
~x : A◦(sf◦( ~xs), tf
◦(~xt))
in T .
• Composition of terms in GT (T ) is defined by substitution in T .
• The homomorphism types, reflexivity terms and J-terms in GT (T )
are the corresponding terms in T .
Example 3.5. In forthcoming work we will construct a globular multi-
category with homomorphism types whose:
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• 0-types are strict ω-categories
• (n+ 1)-types are profunctors between n-types
• 0-terms are strict ω-functors
• (n+ 1)-terms are transformations between profunctors
• Homomorphism type data comes from a version of the Yoneda Lemma
for strict ω-categories
Definition 3.6. A globular category A is a globular object in the
category of categories. Following Batanin [1] a monoidal globular cat-
egory is an ω-category internal to the category of globular categories up
to isomorphism. This amounts to a globular category A together with:
• for each k < n, composition functors
⊗k : A(n)× A(n) −→ An
• for each n, a unit functor
Z : A(n) −→ A(n− 1)
• natural transformations and axioms, mimicking those of a strict ω-
category up to isomorphism.
When these natural transformations are all identities we say that a glob-
ular multicategory is strict. We denote the category of strict monoidal
globular categories by MonGlobCat.
Every monoidal globular category can be viewed as a globular mul-
ticategory (see [3]). We will show that we always have homomorphism
types in this case.
Proposition 3.7. The globular multicategory induced by a monoidal glob-
ular category has homomorphism types.
Proof sketch. We will work in the strict case. There is a coherence theo-
rem for monoidal globular categories (see [1]) and so there should be no
real loss of generality.
• an n-type is an object of A(n)
• n-term f :
⊙
iMi → N is an arrow⊗
i
Mi → N
in A(n). Here
⊗
is repeated application of ⊗ and we follow the
convention that a nullary product is a unit.
This globular multicategory has homomorphism types. For any type M ,
we set
HM = Z(M)
. The (n+1)-contextM corresponds to the object Z(M) and so we define
the reflexivity term rM :M → HM to be the identity arrow
idZ(M) : Z(M)→ Z(M)
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The J-terms can now be constructed using the coherence laws of Z. For
instance, whenever f : A→ B is an n-term and x :M is a k-variable. We
define
Jx(f) : A⊙k Hx → B
to be the composite
A⊗k Z(M) −→ A
f
−→ B.
where the arrow on the left is a unit law.
Definition 3.8. We say that a globular multicategory has strict homo-
morphism types when for any n-terms f, f ′ and any variable x such
that
rx; f = rx; f
′
,
we have that
f = f ′
Example 3.9. Every strict monoidal globular category induces a globular
multicategory with strict homomorphism types.
Many more familiar examples can be seen as low-dimensional globular
multicategories.
Definition 3.10. Let X be a globular multicategory with identity types
and let n ≥ 0. We say that X is n-truncated, when for any m-term
f : Γ→ A with m > n, we have that:
• There exists an n-context Γ′ and variables x1, . . . , xl such that
Γ = Γ′ ⊕Hx1 ⊕ · · · ⊕ Hxl .
• There exists an n-type A′ such that
A = Hn−mA′.
• There exists an n-term f ′ : Γ′ → A′ such that
f = Jx1(· · · (Jxl (f
′).
Example 3.11. The category of 1-truncated strict monoidal globular
categories is equivalent to the category of double categories.
Example 3.12. The category of 1-truncated globular multicategories
with strict homomorphism types is equivalent to the category of virtual
double categories with horizontal units as described by Crutwell and Shul-
man [3].
Ibid., the monoids and modules construction for virtual double cate-
gories is exhibited as the the right adjoint of the 2-functor which forgets
horizontal units. Many familiar collections of “category-like” objects can
be seen as the result of this construction. Hence any such collection gives
rise to a globular multicategory with homomorphism types.
In future work we will define a higher modules construction. This
will allow us to study globular multicategories of “higher category-like”
objects.
12
Example 3.13. Riehl and Verity [10] describe a framework for reasoning
about “(∞, 1)-category’-like” objects using structures called ∞-cosmoi.
Every ∞-cosmos gives rise to a virtual double category of modules whose
horizontal units are arrow ∞-categories. This construction, throws away
much higher dimensional data but still provides a convenient framework
for a great deal of formal category theory. We expect to be able to con-
struct more general globular multicategories with homomorphism types
from ∞-cosmoi which retain this higher dimensional data.
Remark 3.14. Starting with a category with a well behaved notion of
path object, van den Berg and Garner [11] construct a globular multi-
category with homomorphism types. In future work we will construct a
globular multicategory with homomorphism types from a category with
directed path objects.
4 The Homotopy Theory of Globular Mul-
ticategories
By Remark 2.13. the category G+ of generic types and terms is a direct
category. This induces a weak factorization system on globular multicat-
egories and related structures.
Definition 4.1. Let us denote by
I = {ιu : ∂u −→ u | u ∈ G
+}.
the set of boundary inclusions of G+. Then I cofibrantly generates a
weak factorization system (L,R) on GlobGraph. We refer to maps in L
as cofibrations and maps in R as acyclic fibrations. A map of globular
multigraphs f : X → Y is an acyclic fibration when, for any generic type
or term u, each commutative square
∂u X
u Y
ιu f
has a filler. A map of globular multigraphs i : Z → W is a cofibration
when for each acyclic fibration f : X → Y , each commutative square
∂Z X
W Y
i f
has a filler.
Proposition 4.2. A map of globular multigraphs is a cofibration exactly
when it is a monomorphism.
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Proof. Since G+ is a direct category, it is skeletal and has no non-trivial
automorphisms. The result now follows from [2, Proposition 8.1.37].
Our weak factorization system can be transferred to other categories
of interest using the adjunctions induced by various forgetful functors We
have the following commutative diagram of functors:
GlobMult
MonGlobCat GlobMultHStr GlobMultH GlobGraph
GlobGraph
Each of these forgets essentially algebraic data and so has a left adjoint.
Let U : C → D be one of these forgetful functors and let F : D → C be
its left adjoint. Then the weak factorization system of cofibrations and
acyclic fibrations in C is generated by
Fιu : F∂u −→ Fu
for each generating cofibration in ιu in C. A morphism f : X → Y in
C is an acyclic fibration exactly when Uf is an acyclic fibration in D.
Furthermore F preserves cofibrations.
Example 4.3. Suppose that X and Y are globular operads. Then every
homomorphism of globular operads is bijective on types and so the lifting
conditions for generic types are always satisfied. It follows that a homo-
morphism f : X → Y is an acyclic fibration if and only if it satisfies the
lifting conditions for generic terms.
We say that a globular operad is normalized when it has a unique
0-term. (This term must be the identity term on the unique 0-type).
Suppose that the globular operad X is normalized and let ⊤ be the ter-
minal globular operad. Then the canonical map
X ⊤!
is an acyclic fibration exactly when P is a normalized contractible globular
operad. This follows from the observations of Garner [4]. The algebras of
P are weak ω-categories in the sense of Leinster [7].
The terms defining the natural transformations in this example moti-
vate the following definition:
Definition 4.4. Suppose that f, f ′ : Γ → A are parallel n-terms in a
globular multicategory with identity types. Then a transformation
φ : f −→ f ′
is a term φ : Γ → HA with φ : f 6→ f
′. Given a term g : f ′ 6→ tg, the
composite
φ ◦ g : f 6−→ tg
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is defined to be (φ ⊙n g);m where m = JtA(idA). Given h : sh 6→ f , we
define
h ◦ φ : sh 6−→ f ′
similarly. We have that s(h◦φ) = sh and t(h◦φ) = f ′. The transformation
f ; rA : f → f is the identity at f with respect to − ◦ −.
A transformation between substitutions is a pasting diagram of trans-
formations between terms.
This definition immediately implies the following lemma. One inter-
pretation of this lemma is that composition with reflexivity terms defines
a sort of weak equivalence.
Lemma 4.5. Suppose that f, f ′ : Γ ⊕ Hx → A are terms in a globular
multicategory with identity types. Then whenever
rx; f = r; f
′
we have
J
f,f ′
x (rx; f ; rA) : f −→ f
′
When we have strict homomorphism types, we have that f = f ′ and
Jf,f
′
x (rx; f ; rA) = f ; rA.
Transformations can be used to provide a useful alternative description
of acyclic fibrations. Intuitively this description says that term-lifting
properties of acyclic fibrations are satisfied exactly when, on terms, a
homomorphism is“strictly surjective and weakly reflects identities”.
Definition 4.6. Let f : X → Y be a homomorphism of globular mul-
ticategories with identity types. We say that f weakly reflects iden-
tities of terms if whenever v, v′ : Γ → A are parallel terms in X such
that f(v) = f(v′), we have a transformation φ : v → v′ such that
f(φ) = f(v); rA. In this case we say that φ is an identification. We
say that f strictly reflects identities when all the corresponding iden-
tifications can be chosen to be identity transformations.
Proposition 4.7. A homomorphism of globular multicategories with ho-
momorphism types f : X → Y is an acyclic fibration if and only if all the
following conditions hold:
(i) The homomorphism f has the right lifting property against the boundary-
inclusions of types.
(ii) The homomorphism f is surjective on terms.
(iii) The homomorphism f weakly reflects identities of terms.
Proof. First suppose that f is an acyclic fibration. Then (i) follows triv-
ially. For each generic type or term u, the unique map ∅ → u is a cofibra-
tion. The lifting property of f with respect to this map tells us that f is
surjective on types or terms with the same shape as u. This proves (ii).
Now suppose that v, v′ : Γ → A are parallel terms in X and that
f(v) = f(v′). Let u be the generic term with the same shape as v and v′.
Let Iu be the generic term with same shape as transformations between
v and v′. Thenv and v′ together correspond to a map [v, v′] : ∂Iu → X of
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globular multigraphs. Furthermore, we have the following commutative
square in GlobGraph:
∂Iu X
Iu Y
[v,v′]
∂Iu f
f(v);rA
Since f is an acyclic fibration, this square has a filler. This filler defines
the transformation v → v′ required by (iii).
Now suppose on the other hand that we have (i), (ii) and (iii). Let u
be a generic term and fix a commutative square:
∂u X
u Y
∂˜v
ιu f
v
Let the source and target of ∂˜v be s˜v and t˜v respectively. By (ii), there
is a term w in X with f(w) = v. It follows that f(sw) = sv = f(s˜v) and
f(tw) = tv = f(t˜v). Hence, by (iii) there are transformations φ : s˜v → sw
and ψ : tw → t˜v such that f(φ) = sw; r and f(ψ) = tw; r. We define
v˜ = φ ◦ w ◦ ψ
By construction ∂v˜ = ∂˜v. Furthermore, every homomorphism of globular
multicategories with homomorphism types preserves −◦− and so f(v˜) =
f(w) = v. Hence v˜ defines the required filler and so f is an acyclic
fibration.
Our next result describes conditions under which, given a category C
and strictification functor S which respects homotopy theoretic informa-
tion in C, there is an induced acyclic fibration of endomorphism operads.
Theorem 4.8. Let C be a category with a factorization system (L,R).
Let X : Gop → Cop be a globular object in Cop and let S : C → D be a
pullback-preserving functor. Suppose that there exists a functor U : D → C
together with a natural transformation φ : id ⇒ US. Suppose that all the
following conditions hold:
• The functor U is faithful.
• Each boundary inclusion X(ιn) : X(∂n)→ X(n) is an L-map.
• For each globular pasting diagram π, the arrow φX(pi) is an R-map
and an epimorphism.
Then the induced homomorphism of globular operads
End(Sop) : End(X) −→ End(SopX)
is an acyclic fibration of globular multicategories.
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Proof. Following Example 4.3 it suffices to check the lifting conditions for
generic terms.
Let u be the generic π-shaped n-term and suppose that we have a
commutative square of the following form:
∂u End(X)
u End(SopX)
∂˜v
ιu End(S)
v
By the Yoneda Lemma, the homomorphism ∂˜v corresponds to a term
boundary ∂˜f in End(X)
and the homomorphism v corresponds to a term f in End(SopX).
Commutativity of the square tells us that
S(∂˜f) = ∂f.
Expanding the definition of End, we find that ∂˜f corresponds to a boundary-
preserving arrow ∂˜f : X(∂n) → X(π) in C. (Here X(π) comes from
the Yoneda extension of X.) Similarly f corresponds to a boundary-
preserving arrow f : SX(n)→ SX(π) in D. Hence we have the following
commutative diagram in C:
X(∂n) X(π)
X(∂n) USX(∂n) USX(π)
X(n) USX(n)
∂˜f
φX(∂n) φX(pi)
φX(∂n)
X(ιn)
US(∂˜(f))
U∂fUSX(ιn)
φX(n)
Uf
The squares commute by naturality and the bottom triangle commutes
by definition of ∂f . Now, since X(ιn) is an L-map and φpi is an R-map,
the outer rectangle has a filler
X(∂n) X(π)
X(n) USX(π)
∂˜f
X(ιn) φX(pi)
Uf◦φX(n)
f˜ (†)
We know that f˜ is boundary preserving because its boundary ∂˜f is boundary-
preserving. Hence, using the definition of End, we can view f˜ as a π-
shaped n-term in End(X). By the Yoneda Lemma f˜ corresponds to a
map of globular multigraphs
v˜ : u −→ End(X).
Hence it remains to show that the following diagram commutes:
∂u End(X)
u End(SopX)
∂˜v
ιu End(S
op)
v
v˜
(⋆)
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Commutativity of the top triangle of (⋆) says that
∂f˜ = ∂˜f .
This follows from commutativity of the top triangle of (†). Commutativity
of the bottom triangle of (⋆) says that
S(f˜) = f .
By naturality of φ and commutativity of the bottom triangle of (†), we
have that
US(f˜) ◦ φn = φpi ◦ f˜ = Uf ◦ φn.
Since φn is an epimorphism and U is faithful, the result now follows.
5 Weak Higher Categorical Structure
In this section we show that the types and terms of globular multicate-
gories with homomorphism types have higher categorical structure. We
will demonstrate two related results. Firstly each piece of data internal
to a globular multicategory with homomorphism types has higher cate-
gorical structure. For example, each 0-type has the structure of a weak
ω-category and each 0-term has the structure of a weak ω-functor. We
will then combine this internal data and show that the external collection
of types and terms has the structure of a weak ω-category. Most of the
work involved in moving from the internal to the external situation is done
by Theorem 4.8.
For the remainder of this section we will label the adjunctions between
reflexive globular multigraphs, globular multicategories with homomor-
phism types and globular multicategories with strict homomorphism types
as in the following diagram.
MonGlobCat GlobMultHStr GlobMultH GlobGraph
V
⊥
G
U
⊥
S
⊥
FH
The leftmost adjunction adds composition of types. We denote the unit of
this adjunction by β : id ⇒ V G. The middle adjunction can be thought
of as describing strictification of globular multicategories with homomor-
phism types. We denote the unit of this adjunction by η : id ⇒ US. We
denote the unit of the composite adjunction GS ⊣ UV by θ : id⇒ UV GS.
We write FCat = GSFH. Our “internal” result can now be stated pre-
cisely.
Theorem 5.1. Let X be a reflexive globular multigraph. Then the unit
of the strictification adjunction at FHX
FHX
USFHX
ηFHX
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is an acyclic fibration of globular multicategories with homomorphism
types. Furthermore, ηX is bijective on types and 0-terms.
Proof. We first describe the strictification adjunction S ⊣ U explicitly.
The globular multicategory SY is the result of forcing Y to satisfy the
additional requirement that for any n > 0, n-terms f, f ′ and any variable
x such that
rx; f = rx; f
′
,
we have that
f = f ′.
Hence, for every pair of contexts Γ,∆, we define an equivalence relation ∼
relating pairs of substitutions f, f ′ : Γ→ ∆ using the following inductively
defined rules:
• This relation is reflexive, symmetric and transitive.
• For any variable x and terms f, f ′, we have that
rx; f ∼ rx; f
′ =⇒ f ∼ f ′.
• Whenever we have substitutions f, f ′, g, g′ such that tkf = skg and
tkf
′ = skg
′, we have that
f ∼ f ′ and g ∼ g′ =⇒ f ⊙k g ∼ f
′ ⊙k g
′
.
• Whenever f : Γ→ ∆ and g : ∆→ A, we have that
f ∼ f ′ and g ∼ g′ =⇒ f ; g ∼ f ′; g′.
Since terms are the same as substitutions whose target context is a type,
this defines an equivalence relation on terms. The globular multicategory
SY has the same types as Y and has equivalence classes of terms under ∼
as terms. The rules defining ∼ ensure that the composition and J-rules
of SY are well defined and that the homomorphism types are strict. Fur-
thermore, the unit ηY : Y → USY is the homomorphism that quotients
by ∼.
Using this description of ∼ we see that pointwise η is bijective on types,
bijective on 0-terms and surjective on terms. Hence by Proposition 4.7,
it suffices to show that ηFHX weakly reflects identities of terms. Lemma
4.5 will do most of the work for us and allow us to construct a sort
of “normalization procedure” for terms in FHX. The resulting “normal
form” actually lives in the monoidal globular category FCatX. In other
words, by plugging in reflexivity terms, we can always obtain a formal
composite of generators in X.
Consider the following commutative diagram:
FHX FHX
USFHX UV GSFHX UV FCatX
ηFHX θFHX
UβSFHX
Since V is faithful and U preserves limits, the bottom arrow is monic.
It follows that ηFHX weakly reflects identities of terms if θFHX weakly
reflects identities of terms. This is Lemma 5.2(i) below.
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Lemma 5.2. Let X be a reflexive globular multigraph. Then we have the
following results:
(i) The unit
FHX
UV FCatX
θFHX
weakly reflects identities of terms.
(ii) The unit
SFHX
VGX
βSFHX
strictly reflects identities of terms. The furthermore part is easily
verified.
Proof. We will prove (i). The proof of (ii) is similar except all identifica-
tions are actual identities.
Let X be a reflexive globular set. Then explicitly:
• FHX is generated from X by freely adding −;− composition, reflex-
ivity terms and J-terms.
• UV FCatX is freely generated from X by freely adding −;− com-
position and −⊗k- composition for each k. Equivalently a term in
UV FCatX is a formal composite γ1; · · · ; γl of substitutions in X.
• The homomorphism θFHX maps types in FHX to types in UV FCatX
up to “removing homomorphism types”. That is, for each n-type A,
we set
[A] ∼ HA.
Substitutions in FHX are mapped to substitutions in X up to “re-
moving homomorphism types”. That is, for each term f , we set
[f ] ∼ [f ; rA]
and for each variable x and any J-rule at x, we set
[f ] ∼ [Jx(f)].
We also require that −;− and −⊙k− are respected. Since terms are
substitutions whose target is a type, this defines a homomorphism.
Now let f, f ′ : Γ→ ∆ be substitutions in FHX. such that θFHX(f) =
θFHX(f
′). Let H be the set of homomorphism type variables in Γ.
As stated above, the equivalence class θFHX(f) corresponds to a com-
posable sequence
γ1; γ2; · · · ; γl
of substitutions in X. We will now prove the claim by induction on l.
First suppose that l = 0. By induction on f , we must have that
rH ; f = R
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where R is some composite of identity and reflexivity terms. Similarly
rH ; f = R
′
where R′ is some composite of identity and reflexivity terms. Since f and
f ′ have the same target, namely ∆, it follows that R = R′. Hence, since
the source contexts of f and f ′ are the same, we have an identification
f → f ′ by Lemma 4.5.
Now suppose that l > 0. Let Hγ1 be the set of homomorphism type
variables in the source context of γ1. By induction on the rules defining
θ, it follows that
rH ; f = rHγ1 ; γ1; f>1
for some term f>1 such that θFHX(f>1) = γ2; · · · ; γl. Similarly we have
that
rH ; f
′ = rHγ1 ; γ1; f
′
>1
for some term f ′>1 such that θFHX(f
′
>1) = γ2; · · · ; γl. Now, by induction,
we have an identification
φ : f>1 −→ f
′
>1
Hence we have an identification
J
f,f ′
H (rHγ1 ; γ1;φ) : f −→ f
′.
The result follows by induction.
Example 5.3. Let X be a globular multicategory with strict homomor-
phism types and Let 0 denote the generic 0-type. Then it follows from
our explicit descriptions that USFH0 is the terminal globular operad.
Thus, Theorem 5.1 tells us that FH0 is a normalized contractible globular
operad. By the Yoneda Lemma and adjointness, every 0-type A in X cor-
responds, to a homomorphism A : FH0 → X of globular multicategories
with homomorphism types. It follows that every 0-type in X with its
tower of homomorphism types has the structure of a weak ω-category.
Example 5.4. Let I0 be the generic 0-term. Then SFHI0 can be seen as
the algebraic theory describing a strict functor between strict ω-categories.
The fact that there is an acyclic fibration FHI0 → USFHI0 can be viewed
as saying that FHI0 is a weak functor between weak ω-categories. Con-
sequently every 0-term in a globular multicategory with homomorphism
types has the structure of a weak functor.
More generally, Theorem 5.1 can be seen as saying that, in a globular
multicategory with homomorphism types,
• The 0-types are weak ω-categories.
• The 1-types are weak profunctors.
• The 2-types are weak profunctors between weak profunctors.
• . . .
• The 0-terms are weak ω-functors
• The 1-terms are weak transformations between profunctors
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• The 2-terms are weak transformations between 2-types
• . . .
Recall that a transformation between parallel n-terms f, f ′ : Γ→ A is
a term φ : Γ→ HA such that sφ = f and tφ = f
′. In other words, a trans-
formation is an abstract assignment taking an object in Γ and outputting
an arrow in A from the output of f to the output of f ′. Hence transforma-
tions between 0-terms, can be seen as natural transformations. Similarly
transformations between transformations between 0-terms can be seen as
modifications. Continuing in this way, let T0 : G
op → GlobGraph
op
be
the globular object defined by:
T0(n) =
{
the generic 0-type • if n = 0
the generic term un−1 : A→H
n−1B if n > 0
T(σn) =
{
the inclusion of A if n = 0
the inclusion of sun if n > 0
T(τn) =
{
the inclusion of B if n = 0
the inclusion of tun if n > 0
For any globular multicategory with homomorphism types X, we have a
globular set n 7→ hom(F op
H
T0(n), X) of 0-types, 0-terms and transforma-
tions between them in X. We will show that this globular set has the
structure of a weak ω-category.
Theorem 5.5. The operad End(F op
H
T0) is normalized and contractible.
The following result is an immediate application.
Corollary 5.6. The 0-types, 0-terms and transformations between them
in a globular multicategory with homomorphism types form a weak ω-
category.
First note that Theorem 4.8 gives us the following result:
Proposition 5.7. The homomorphism End(F op
H
T0) → End(S
opF
op
H
T0)
is an acyclic fibration of normalized globular multicategories.
Proof. The globular object F op
H
T0, together with the adjunction
GlobMultop
H
GlobMultHStr
S
⊥
U
and the natural transformation η : id⇒ US are easily seen to satisfy the
conditions of Theorem 4.8.
Thus, it suffices to show that End(SopF op
H
T0) is the terminal globular
operad. This is really an abstract expression of the well known fact that
the collection of all strict ω-categories is a strict ω-category.
Lemma 5.8. Suppose that X is a reflexive globular multigraph and that
Y = SFHX. Let 0 ≤ k < n and suppose that βY (f), βY (g) are parallel
terms in V GY such that tkβY (f) = skβY (g). Then we can always choose
substitutions f, g in Y such that tkf = skg. In this case we have that
βY (f ⊙k g) = βY (f)⊗ βY (g).
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Proof. It follows from our analysis in the proof of 5.2 that there exist
substitutions γ1, . . . , γl, δ1, . . . , δl in X such that βY (f) = γ1; · · · ; γl and
βY (g) = δ1; · · · ; δl and tkγi = skδi for each i. We can now use J-terms to
find a composable list of substitutions ǫ1, . . . , ǫl in Y such that βY (ǫi) =
tkγi = skδi. We can then use J-terms again to find composable lists
γ˜1, . . . γ˜l and δ˜1, . . . , δ˜l in Y such that βY (γ˜i) = γi and βY (δ˜i) = δi and
such that tkγ˜i = ǫi = tk δ˜i. Thus we can set f = γ˜1; · · · γ˜l and g =
δ˜1; · · · δ˜l.
Definition 5.9. Suppose that X and Y are as above. Suppose further-
more that every term of X is of the form f : A→HnB where A and B are
0-types. In this case we say that Y is an arrow theory. We denote the
category of arrow theories and homomorphism type preserving maps by
A .
Proposition 5.10. Suppose that f, g are terms in an arrow theory Y
such that tkf = skg. Then there exists a term h in Y such that
βY (h) = βY (f)⊗ βY (g).
Proof. We must that f : Γ → HnA and g : ∆ → H
m
A are substitutions
where A is a 0-type in Y and 0 ≤ n ≤ m. Suppose that 0 ≤ k < m. Then
using J-rules we can construct a term
m : HnA ⊙k H
m
A →H
m
A
such that βY (m) = βY (r
m
A ). It follows that
βY ((f ⊙k g);m) = (βY (f)⊙k βY (g));βY (m) = βY (f)⊙k βY (g).
and this is the same as βY (f) ⊗k βY (g). Hence βY is surjective on types
and terms.
Corollary 5.11. We have a fully faithful functor
I : A −→ Strω -Cat.
Proof. It follows from Lemma 5.2(ii) that βY is injective on types and
terms. Hence the homomorphism βY is bijective on types and terms. It
follows that there is an induced strict monoidal globular category structure
on Y such that β : Y → V GY is an isomorphism of strict monoidal
globular categories. Moreover every map preserving homomorphism types
preserves the − ⊗k − operations defined using Lemma 5.11. Hence, we
have a fully faithful functor
B : A −→ MonGlobCat.
The monoidal globular categories in the image of B are precisely those
with no non-trivial n-types for n > 1 and which are freely generated by
a reflexive globular multigraph. However, such monoidal globular multi-
categories are the same as strict ω-categories freely generated by reflexive
globular sets. (We view the 0-types of an arrow theory as the 0-cells of
a reflexive globular set. We view the n-terms of an arrow theory as the
(n+1)-cells of this reflexive globular set.) Hence, we have a fully faithful
functor I : A→ Strω -Cat to the category of strict of ω-categories.
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Proposition 5.12. The globular operad End(SopF op
H
T0) is the terminal
globular operad.
Proof. By definition a π-shaped n-term in this operad is a boundary pre-
serving homomorphism of arrow theories
v : SFHT0(n) −→ SFHT0(π)
Using the fully faithful functor I : A −→ Strω -Cat of Corollary 5.11, this
homomorphism of arrow theories corresponds to a boundary preserving
functor
I(v) : Tn −→ Tπ.
from the strict ω-category generated by a single n-cell to the strict ω-
category generated by the pasting diagram π. In the terminology of [5],
the functor I(v) is active. It follows that there is a unique functor of this
form and so v is uniquely determined.
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